Frechet bounds for distribution of sum of dependent risks and Farlie-GumbelMorgenstein (FGM) distribution family are suggested for the analysis of dependent risks. Behavior of the coe¢ cient of dependency in FGM distribution is investigated by fuzzy approach. Deliberations are made for the dependency and uncertainty context.
INTRODUCTION
Generally risks are assumed to be independent in a portfolio. But in many situations this assumption does not …t the reality. For instance, in a company, workers' group life or health insurance can be a¤ected by a signi…cant accident, …re, earthquake or a disease so that risks are not independent among and between individuals and causes of loss. For this and similar situations, likelihood and dependency valuation is imperative.
In collective sense, a risk can de…ned by fP t ; S t g couple in insurance, where P t is gains earned by premiums and S t is sum of claim amounts in [0; t) time interval. At least one of these is random function by sense of stochastic processes [1] . Usually P t is seen as independent increments and S t is stochastic. In practice, relation between P t and S t must be be de…ned as interrelating process of claim numbers and claim sizes, respectively, on discrete time intervals such that S t is the sum of claim amounts Y t j 's.
As to the concerned literature about the said process [4] , [15] and [12] can be cited, among others, as lucid references.
COMONOTONICITY AND FRECHET BOUNDS
For an insurance company, claim amounts can be tackled in the sense of comonotonicity and positive correlation [1] . Let Y i 's (claim amount with …nite mean, real valued, non-negative r.v.) c.d.f. be F Y i (y i ) = Pr fY i y i g ; (0 y i ) and it's inverse function is
Assume that (Y 1 ; Y 2 )'s joint distribution function is
If joint distribution function of Y 1 and Y 2 's can be written as
), (8y 1 ; y 2 0), then Y 1 and Y 2 are said to be comonotonic [6] , [8] , [9] , [10] .
Positive correlation between two loss random variables can be elaborated in conjuction with the relation between comonotonicity and Frechet bounds. Frechet bounds deal with the basic problem in risk theory to describe the maximal in ‡uence of dependence on the expectation of functionals for (Y 1 ; Y 2 ; : : :), [6] , [7] .
F Y 1 ;Y 2 (y 1 ; y 2 ) can be bounded from above and below as
From the point of view of stop-loss policy and stop-loss premiums
and the total claim amount S = Y 1 + Y 2 can also be put in bounds as, [1] , [8] ,
Here, Y 2 and Y 2 are consequently negatively and positively correlated to
Inequality 5 can be re-written in terms of a real valued function (t), such that the expected value of (t) is a non-decreasing convex function, as follows:
where is a non-decreasing convex function and expectations exist. 
There exist random variables S min and S max such that P (S min s) P (S s) P (S max s), s 2 R [6] . After expected value operations we get to bounds on E f (S)g as Ef (S max )g Ef (S)g Ef (S min )g. Some examinations made based on bounds
have the same meanings with bounds
It should be remembered that in comonotonocity terms E(S) appears on Frechet bounds as maximal stop-loss premium [8] , [7] .
FGM AND DEPENDENT RISKS
Farlie-Gumbel-Morgenstern (FGM) distributions can be proposed for dependent risks Y i 's, because of their ‡exibility in the assessment of dependence through their dependence parameter , j j 1. It is also known well that the dependence properties for the FGM family are closely associated with the correlation coe¢ cient [13] .
FGM family of distributions are presented in [2] , on p. 113-146 of [11] , [13] , [14] and [19] . FGM distribution model for two dependent loss amounts is
with density function 
whose probability density function appears as (10) where is the dependency parameter. The exponential distribution, chosen as the distributionanl model for individual Y i 's, is studied in many theoretical and application aspects in detail in the literature [3] .
Covariance and correlation of the two dependent risks here are calculated as
respectively [2] , [19] . It is obvious that, from the de…nitions of V ar
, there follows the relation between E (S), V ar (S) and dependence parameter of the FGM distribution. Hence, the dependency relations between claim amounts can be pursued through parameter in the sense of covariance and correlation [19] .
An FGM density following from equation (8) is illustrated in Figure 1 for several dependence parameter values . Frechet bounds, expressed in section 2 yield upper and lower bounds for the sum S of risks. Therefore, here, the bounds on the pure premium E (S) or stop-loss premium (S; M ) can be evaluated for building up of insurance policies by tracing the association between Y i 's through their covariance and correlation structures in FGM distribution settings.
That is to say that, F Y 1 ;Y 2 (y 1 ; y 2 ) in equation (7) increases as increases from 0 to 1 for given values of Y 1 , Y 2 and thus S = Y 1 + Y 2 , as can be also inferred from Figure 1 above. So, the portfolio becomes more riskier as the degree of dependence between Y 1 and Y 2 gets larger. On the other hand, it is shown and discussed in [6] and [8] that the most dangerous (risky) dependence structure is described by the Frechet upper bound F max (s) ; while the Frechet lower bound F min (s) yields the least dangerous mutual dependence between the loss amounts. Therefore, discussions about premiums in insurance problems can be put in parallel with the dependence parameter : The larger the value of , the higher the level of premiums that need to be calculated.
Virtually, any actuarial analysis on an insurance portfolio with dependent risk can be pursued through insightful exercises on , the dependence parameter. A reliable approach to the problem can be by the fuzzy theory. The strenght of an insightful entity about the dependency of loss amounts is a representation of degree by which such a proposition is partially true. The issue of imprecision in the assertion of dependency can be treated by the fuzzy concepts. The use of fuzzy sets membership functions and fuzzy analysis is not new in insurance risks that may have some inherent imprecisions [20] , [16] , [18] , [17] .
Here, we attempt to present the fuzzy mathematical programming about the dependence parameter in FGM distribution. Dependence parameter of the FGM distribution will be called fuzzy dependency parameter in our fuzzy mathematical programming set up.
A fuzzy set can be given byÃ = f(g; Ã (g))jg 2 Gg where membership degree between [0; 1] interval is shown by a membership function Ã (g) : G ! R which indicates the degree of membership of g inÃ where g belongs to a set G. We will use a membership function for -fuzzy dependency parameter in this study.
Let's assume that the minimum value of -fuzzy dependency parameter is b, tolerance limit is p, and goal value is (b + p). So we may construct [b; b + p] interval for -fuzzy dependency parameter. In this situation, membership function ( ) can be de…ned as 
as a lower boundary on the membership function (:), where is the cut-o¤ level and , 0 1, is the sensitivity coe¢ ent.
cut of fuzzy setÃ is de…ned as the non-fuzzy subset ofÃ such that
The cuts are to be interpreted as error intervals whose true values are 's. In our case, the notion of cut provides a ‡exiable way of de…ning the nature of dependencies between the claim sizes. The sensitivity coe¢ cient is a tool for the decision makers to express their beliefs on the degress of dependency possibilities. 
CONCLUSION
The dependence between risk with FGM type joint distribution functions can be assessed on the basis of the -dependency parameter of the FGM family of distributions. The Frechet bounds on the sum of dependent loss amount variables describe the in ‡uence of dependence on the functions of loss amount variables, such as expectations, so that reasonable premium and related calculations can be conducted in comonotonicity terms. In this conjunction, in relevance with the Frechet bounds on the sum of dependent loss amounts, dependence properties of the FGM family of distributions that are closely related with the correlation coe¢ cient can be used for dependency and insurance policy decisions in an actuarial analysis setup. Along these lines, the …ndings in this paper reveal that dependent risks with FGM distributions can be assessed from the fuzzy analysis point of view. The fuzzy analysis approach allows the use of membership functions to determine the dependency (association) levels between the loss amounts with a given objective and constraints that are peculiar to insurance decisions. The choice on the form of membership functions becomes critical for the interpretation of the behaviour of association between the risks. The membership function in this work is presented for the dependency parameter as a non decreasing linear function just to re ‡ect the nature of correlation between the loss amounts. For other objectives, other forms of membership functions can be used depending on the purpose of the insurance decisions.
